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01. INTRODUCTION 
SUPPOSE G is a finite group acting freely on S3. It is generally conjectured that the 
action of G is conjugate in the homeomorphism group of S3 to the natural free action 
of some finite subgroup of SO(4). These orthogonal actions and their orbit spaces 
have been classified by Hopf [6] and Seifert and Threlfall[ 191. The finite groups which 
can act freely on S3 are included in the list of Milnor[lO] as restricted by Lee[8]. 
At present the conjecture has been proven for G isomorphic to the cyclic groups 
Z2, Livesay[9], Zlr Rice[lrl], Jaco, unpublished, ZS, Ritter[lS] and Zg and Zu, 
Rubinstein[ 171, the generalized quaternion groups Q(2’), Evans-Maxwell [3] and 
Rubinstein [ 171, and the non-cyclic, non-dihedral groups of order 2’3” in the Milnor- 
Lee list, Rubinstein[l8]. The later results depend upon their predecessors and thus 
ultimately upon the result for ZZ in the following manner. If G has a normal subgroup 
N for which the conjecture is known, then G/N acts freely on a manifold S3/N with 
known structure. If S3/N contains a projective plane or incompressible Klein bottle 
then one can perform equivariant surgery on this surface for G/N = &[3, 171 or 
G/N g 23[18] to obtain an invariant system of simple closed curves sufficiently 
characteristic of the structure of S3/N to classify the action. This equivariant surgery 
approach is limited, however, by the fact that S/N might not contain one of these 
surfaces. For example, if G = Zi6 and N = &, then S3/N is one of the lens spaces 
L(8, 1) or L(8,3)[3, 15, 171. L-(8,3) contains an incompressible Klein bottle; L(8,l) 
contains no projective plane or Klein bottle[2]. It does contain an incompressible 
surface of negative Euler characteristic, but at present equivariant surgery does not seem 
feasible on such surfaces. 
In this paper we give an alternative approach inspired by the original proof for Z2. 
Suppose M is a lens space, i.e. M = S3/Zp for some orthogonal free action of Z, on S3. 
If h is a free involution on M, then Z, and the lift 6 of h to S3 generate a finite group 
G acting freely on S3. We call h orthogonal if the action of G is orthogonal. Our main 
theorem states that every free involution on a lens space is conjugate to an orthogonal 
free involution. It follows from this result that if G is any finite group acting freely on 
S3 and G has a cyclic subgroup of index whose action is conjugate to an orthogonal 
action, then the action of G is conjugate to an orthogonal action. As an application of 
this fact we prove the new result that every free action of Z2k, k 2 1, on S3 is 
conjugate to an orthogonal free action. This gives an affirmative answer to Problem 
3.37 (iii) of [7]. Our theorem also gives a simple proof of the known result for Q(2’). 
These two results complete the classification for the groups of order 2’. In addition we 
prove two other new results establishing the conjecture for ZS.2k, k 2: 1, and the 
dihedral groups D(2k3), k 2 2. 
02. PRELIMINARY LEMMAS 
Let M be a lens space and h: M + M a free involution. Denote the orbit space of 
h by M * and let q: M + M * be the quotient map. Whenever S is a subset of M let 
s* = q(S). 
Since M is a rational homology 3-sphere it follows from the Lefschetz fixed point 
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theorem that h is orientation preserving. M* is thus a closed orientable 3-manifold. 
Every 3-manifold admits a unique piecewise linear structure [l, 1 I]. Thus there is no 
loss of generality in assuming that h is piecewise linear. 
LEMMA 1. There is a PL Morse function f: M + W and a triangulation K of M such 
that: 
(I) f has exactfy four critical points (x0, ~1, ~2, ~3); moreouer f(xi) = i = index(xi), 
(2) the set A = {x E Mjf (h(x)) = f(x)} is a closed orientable 2-manifold which 
contains no critical points, 
(3) f is linear on the simplices of K, 
(4) h is simpiicial with respect to K, 
(5) A and {xo,x~,x~,x~} are triangulated as full subcomplexes of K. 
Proof. M has a genus one Heegaard splitting and hence a handle decomposition 
with one handle each of index i, 0 5 i I 3. This gives a PL Morse function f0 
satisfying (1). Since fo is PL there is a triangulation K,, of A4 satisfying (3). Moreover 
K0 can be chosen so that the critical points of fo are vertices. Since h is PL and 
periodic it follows from an elementary exercise in PL topology (see [16, p. 271 that K0 
has a subdivision K, satisfying (4). One can now adjust f. slightly to obtain a PL 
Morse function f under which no two vertices of KI have the same image. This can be 
done in such a way that (1) and (3) still hold. Consider the graph MI off in A4 x R. Let 
M2 = (h x id)(M,), and let g: M x R + A4 be the natural projection. For each 3-simplex 
7 in MI, (g(T) x W) II (MI U A42) consists of two 3-simplices 7 and 7’ in general position. 
Thus T rl T’ contains no vertices. It follows that A = g(MI tl Mz) is a closed 2-manifold 
which contains no critical points. A is clearly 2-sided and therefore orientable. This 
establishes (2). Now choose a subdivision K2 of KI satisfying (5) and finally an 
equivariant subdivision K of K2. 
The next three lemmas are direct generalizations of Propositions 3-5 of 
Livesay [9]. 
LEMMA 2. Ht(A*; Zz)+Hz(M*; Z2) is non-trivial 
Proof. let (Y* be a simple closed curve in M* which does not represent an element 
of q&M). Put a* in general position with respect to A* and choose a basepoint 
xt 4 A*. Then q-‘(a*) consists of two arcs a and h(a) joining the points x0 and h(xo) of 
q-‘(x8). Since x0 ~5 A and each component of A separates M, (r and h(a) each meet A in 
an odd number of points and so the same is true of a* and A*. Thus a* and A* have 
non-zero intersection number mod 2 and it follows from the homological invariance of 
such numbers that A* cannot represent the trivial class in &(A#* : Z2). 
LEMMA 3. There is an element u in H,(A*) of order two which has non-trivial image 
under H,(A*) + H,(M*). 
Proof. Consider the commutative diagram 
HAA *I -H,(A*; Z2)- H&A*) 
1 1 l 
H204*)- H2W*;Z2)- HdM*) 
induced by inclusion and the exact sequence of coefficients O+ Z + Z + Z2 + 0. By 
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Lemma 2 there is an element u in &(A*; Z,) whose image u’ in H&M*; z,) is 
non-trivial. Since H,(M*) is finite, &(M*) = H’(M*) = Hom(H,(M*), Z) = 0. Thus the 
image u’ of u’ in H04*) is non-trivial. The image u of u in IfI goes onto U’ and 
clearly has order two. 
Now let yo, yz,. . . , yzn be the images in W of the vertices of K under f. Set 
Y2j-I = (lD)(YZj-2 + Y2j)v l -1 < ’ 5 n. Let Bj = f-‘(yj) n A, Xj = f-‘([y2/_2, yzj-11) fI A, Yj = 
f-‘([y2j-l, Y2jl) n A, 1 ajzsn. Set X= G Xj U Bzn, Y = Bo U LJ Yj, B = jioBj, and D = 
j-l j=l 
n 
uBzi. 
j-0 
LEMMA 4. There exist deformation retractions of X* and Y* onto D*. 
Proof. We shall only give the proof for X *; the proof for Y* is similar. We need 
to show that Xf deformation retracts onto B’$j-2 for 1 I j I n. This will be done by 
constructing a deformation retraction Hj(x, t) of Xj onto B;j-2 which is equivariant 
with respect to h. 
Let u = (~)ou~uz) be a 2-simplex of A such that A fl XjZ 0. Then there are three 
possibilities: 
(i) f(uo) = f(ul) = f(u2) = y2j-2. Then u lies in B2j-2, SO define Hj(x, t) = x for x E u 
andOlts1. 
(ii) f(uo) I y2i_2, f(q) s y2j_2, and f(u2) 2 y2i. Regard CT as the join of (uouI) and ~2. 
Since u2 E Xi, each point x of u f7 Xj lies on a unique line segment joining u2 to a point 
of (UOUJ. This line segment meets the line segments a fl Bzj-1 and u rl BZj-2 in uniquely 
determined points (w(x) and /3(x), respectively. Thus x = sa(x) + (1 - s)/~(x) where 
f(X) = SY2j-I + (1 - S)_Y2j-z1 0 5 S 5 1. Define Hj(x, t)=s(l-t)a(x)+(l-s(l-t))B(x) 
for x E u n Xj. 
(iii) f(uo) s y2j-2, f(ul) 2 y2j, and f(n) 1 y2j. Regard u as the join of uo and (~1~2). 
Since ul, u2 GE Xi, each point x of u n Xi, with the exception of uo if f(uo) = y2j-2, lies 
on a unique line segment joining uo to a point of (~1~2). u n Bzj-1 is a line segment; 
u n B2j-2 is a line segment if f(m) c y2j-2 and the point uo if f(uo) = y2j-2. For x # uo, the 
line segment containing x meets these two sets in the unique points U(X) and /3(x), 
respectively, and we define Hj(x, t) as in case (ii). For x = ug, we set Hj(x, t) = x. 
Clearly Hj(x, t) is well defined on the intersections of the 2-simplices being 
considered and is equivariant with respect to h. 
03. INVARIANT SYSTEhfS OF CURVES 
Let y be a simple closed curve in the lens space M. y is a trivial knot if it bounds a 
disk in M. y is a torus knot if there is a genus one Heegaard splitting (A4, T) of M 
such that y is a non-contractible curve in T. Let yo and yl be disjoint simple closed 
curves in the lens space M. 70 U yt is a trivial Iink if it bounds a pair of disjoint disks 
in M. 70 U yl is a torus link if there is a genus one Heegaard splitting (M, T) of M 
such that yo and 71 are non-contractible curves in T. 
THEOREM 1. If h is a free involution on the lens space M, then M contains either 
(i) a trivial knot y such that h(r) = y, or 
(ii) a non-trivial torus knot y such that h(r) = y, or 
(iii) a non-trivial torus link yo U yI such that h(yo) = yI and h(rl) = yo. 
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Proof. Using the notation of Lemmas 1 and 4, consider the Mayer-Vietoris 
sequence 
(il. id id2 
"*-+H,(B*)- H,(X*) 0 HI(Y*)- HIV*) a -HII(B*) 
Let u be the element of II, given by Lemma 3. Since K has order two and H&3*) 
is free, au = 0. Thus there is an element (x, y) in H,(X*) @ H,(Y*) such that 
j,(x)-jz(y) = u. By Lemma 4, i, and iz are epimorphisms. So there exists w in 
H,(B*) such that i,(w) = x. Let z = i2( w) - y. They j*(z) = (j - jz)(O, y - iz( w)) = 
(j - jd((x, Y) - (x, it(w))) = (h -h)((x, Y) - (h(w), it(w))) = (h - h)(x, y) = u. So HI@*) 
+H,(M*) is non-trivial. Thus for some j, O< j < n, Hl(BTi)+HI(M*) is 
non-trivial. Therefore there is a component C* of BTi for which H,(C*)+HI(M*) is 
non-trivial and hence for which rl(C*) + 7rl(A4*) is non-trivial. It follows that there is 
a simple closed curve y* in C* such that [-y*] # 1 in rl(M*). 
q-‘(r*) lies in Btj and thus m f-‘(yzj). This set is a torus if 1 < y2j < 2 and 
a 2-sphere if 0 < y2j < 1 or 2 < y2j < 3. Note that in the first case f-‘([O, ysj]) and 
f-‘([yzi, 31) are solid tori meeting in the torus f-‘(y2j), so that (Af, f-‘(yrj)) is a genus one 
Heegaard splitting for hf. If y2j = 1 or 2, then f-‘(y2j) is a pinched torus (the space 
obtained from a torus by identifying a non-contractible simple closed curve to a 
point). In this case either f-‘([O, yzi]) or f-‘([yzj, 33) is a pinched solid torus (the space 
obtained from a solid torus by identifying a meridianal disk to a point) with pinch point 
xl or x2. 
Suppose r-y*] E q.m(M). Then y = q-‘(r*) is a simple closed curve invariant under 
h. If y is a trivial knot, then we are done. Suppose y is non-trivial. Then it cannot lie 
on a 2-sphere. It also cannot lie on a pinched torus because it contains no critical 
points and so would bound a disk in the corresponding pinched solid torus. So y must 
be a non-contractible curve in the torus f-‘(~~~). By the above remarks y is a torus 
knot. 
Suppose [?*I E q,r,(M). Then q-*(7*) consists of two disjoint simple closed cur- 
ves y. and y1 interchanged by h. Since qt([n]) = [y*] f 1 in rrl(M*), yi does not bound 
a disk in M, i = 0, 1, and so yo U ye is a non-trivial link. Therefore it cannot lie on a 
2-sphere or a pinched torus. So 70 and 71 must be noncontractible curves on the torus 
f-‘(yzj). By the above remarks 70 U ye is a torus link. 
94. ORTHOGONALITY OF FREE INVOLUTIONS 
THEOREM 2. If h is a free involution on the lens space M, then h is conjugate to an 
orthogonal free involution. 
Proof. M = S’/Z, for some cyclic group Z, acting orthogonally on S’. Let G be 
the group generated by Z, and the lift fi of h. We need to show that the action of G is 
conjugate to an orthogonal action. By a theorem of Seifert and Threlfa11[19] (see also 
[13]) this is equivalent to showing that M * = S’/G is a Seifert fibered space. We refer 
to [5 or 131 for the definition and properties of Seifert fibered spaces. We now 
consider the three possibilities given by Theorem 1. 
Case 1. M contains an invariant trivial knot y_ We perform equivariant surgery on 
the disk bounded by y as in [9,§4] to obtain an invariant 2-sphere. Therefore M* is an 
irreducible 3-manifold containing a l-sided projective plane and hence is projective 
3-space. Thus M is the 3-sphere and h is conjugate to the antipodal map. 
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Case 2. M contains an invariant non-trivial torus knot y. Let (M, T) be the genus 
one Heegaard splitting of M such that y G T and N an invariant regular neighborhood 
of y such that N n T is an annulus. If y is isotopic to a core of one of the two solid 
tori bounded by T, then (M, 8N) is a genus one Heegaard splitting of M such that 
each of the two solid tori bounded by 8N is invariant. It follows that (M*, aN*) is a 
genus one Heegaard splitting of M*. Thus M* is a lens space and so is Seifert fibered. 
If y is not isotopic to a core of one of the solid tori bounded by T then M - N is the 
union of two solid tori V, and VI along the annulus F = T - N n T. Moreover, we can 
choose orientations so that the core of F is homologous to a multiple mi 2 2 of the 
core of Vi, i = 0,l. It follows that M-N is a Seifert fibered space with two singular 
fibers of multiplicity mo, ml 2 2 and decomposition surface a disk. By [4] M* - N* is 
also a Seifert fibered space. If the meridian of the solid torus N* is not isotopic to a 
fiber of M*- N* then we can extend the Seifert fibering of M*-N* to a Seifert 
fibering of M* with the core of N* as a singular fiber. If the meridian of N* is 
isotopic to a fiber of M* - N*, then by Lemma 3 of [3] M* is a lens space and so is 
Seifert fibered. 
Case 3. M contains a non-trivial torus link 70 U yl whose components are inter- 
changed by h. Let (M, T) be the genus one Heegaard splitting of M such that 
-yo U yl C T and NO, NI disjoint regular neighborhoods interchanged by h such that 
NO n T and N1 fl T are annuli. yo and yl can be isotopic to a core of at most one of 
the two solid tori bounded by T, since if they were isotopic to the cores of both solid 
tori M would be homeomorphic to S’ x S*. Thus M - (No U N,) is the union of two 
solid tori VO and VI along the two annuli FO and FI comprising T - T n (NO U N,). 
Moreover, we can choose orientations so that the cores of FO and FI are homologous 
to multiples mo 2 2 and m1 1 1 of the cores of VO and Vi, respectively. It follows that 
M - (No U N,) is a Seifert fibered space with one or two singular fibers of multiplicity 
mo or mo and ml and decomposition surface an annulus. It now follows as in Case 2 
that M* is a Seifert fibered space. 
85. APPLICATIONS 
THEOREM 3. Every free action of the cyclic groups Z+, k 2 1, on S3 is conjugate to 
an orthogonal free action. 
Proof. This follows from Theorem 2 and induction on k. 
THEOREM 4. (Evans-Maxwelf[31; Rubinstein [171) Every free action of the general- 
ized quaternion group Q(2k), k 2 3, on S’ is conjugate to an orthogonal free action. 
Proof. Q(2k) has the presentation (x, y: x2 = (xy)* = Yap-*). Since y generates a 
subgroup of index two isomorphic to Z+-1 the theorem follows from Theorems 2 and 
3. 
THEOREM 5. Every free action of the cyclic groups Z3.2kr k 2 1, on S3 is conjugate to 
an orthogonal free action. 
Proof. By[18] every free action of Z6 on S3 is conjugate to an orthogonal free 
action. The result now follows from Theorem 2 and induction on k. 
THEOREM 6. Every free action of the generalized dihedral group D(2k3), k 2 2, on S3 is 
conjugate to an orthogonal free action. 
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Proof. D(2”3) has the presentation (x, y: x2’ = 1, y3 = 1, xyx-’ = y-l). x2 and y 
generate a subgroup of index two isomorphic to i?.3.p. Thus the result follows from 
Theorems 2 and 5. 
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